This paper focuses on the modal analysis of laminated glass beams. In these multilayer elements, the stiff glass plates are connected by compliant interlayers with frequency/temperature-dependent behavior. The aim of our study is (i) to assess whether approximate techniques can accurately predict the behavior of laminated glass structures and (ii) to propose an easy tool for modal analysis based on the enhanced effective thickness concept by Galuppi and Royer-Carfagni.
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Introduction
Laminated glass is a multilayer composite made of glass layers and plastic interlayers, typically polymers. These foils improve the post-fracture behavior of the originally brittle glass elements [18, 25, 2] , increase their damping [16, 29] , and therefore they allow for applications prohibited to traditional glass, such as load-bearing and fail-safe transparent structures. Avoiding resonance and reducing noise and vibrations of laminated glass components is thus substantial not only in building structures but also in the car or ship design process and others. Thus, the reliable prediction of natural frequencies and damping characteristics associated with each vibration mode is an essential issue for the design of dynamically loaded structures. In the case of laminated glass, free vibration analysis leads, because of the viscoelastic behavior of the foil [1] , to an eigenvalue problem with complex eigenvalues and eigenvectors, corresponding to natural angular frequencies and mode shapes. In addition, the nonlinearity due to the frequency/temperature-sensitive response of the polymer interlayer adds to the complexity of the analysis.
Several approaches to analyzing vibrations of viscoelastically damped layered composites can be found in the literature, e.g., [34, 8, 16] . In this paper, we broadly divide these methods into three groups: (i) numerical approaches solving the complex eigenvalue problem directly [14] , (ii) simplified numerical approximations dealing with a real eigenmode problem only [4] , and (iii) analytical methods and effective thickness methods derived from analytical models [19] .
The comparison of selected non-linear solvers for complex-valued problems in [14] shows that while most of them converge towards the same eigenvalues, their computational time and the number of iterations differ. The computational cost can be reduced using simplified numerical methods, which deal only with a real eigenvalue problem corresponding to the delayed elasticity or take into account only the real part of the complex stiffness of the core [4] . Then, the damping parameters are obtained by post-processing the real-valued eigenvalues and eigenmodes using, e.g., the modal strain energy method [17] to be discussed later in the paper.
For three-layer structures with simple boundary conditions and geometry, analytical solutions can be derived [22, 23, 31] . Because of the frequencydependent behavior of the polymer foil, they provide natural frequencies and loss factors using an iterative algorithm. Recently, the dynamic effective thickness approach for laminated glass beams was proposed by López-Aenlle and Pelayo [19] , using the complex flexural stiffness introduced in [31] . This concept can be extended towards plates [20] and multilayer laminated glass beams [26] . The validation of this dynamic effective thickness method against the results of experimental testing in [19, 20, 26] shows that using this approach natural frequencies can be predicted with good accuracy but there is a high scatter in loss factors.
Therefore, we want to analyze the accuracy of the response of effective thickness and other simplified approaches, to investigate their usability for the modal analysis of laminated glass elements, and to propose some improvements. More specifically, we
• perform a comparative study for free vibrating beams using selected solvers representing the three groups as introduced above and
• propose an easy tool for modal analysis based on the enhanced effective thickness concept by Galuppi and Royer-Carfagni [12] .
To our best knowledge, no such comparison of complex and approximate models has been performed for laminated glass so far. All methods are compared for simply-supported, clamped-clamped, or free-free beams with symmetric and asymmetric cross-sections under different ambient temperatures. The viscoelastic behavior of polymer foil is described with the generalized Maxwell model. Several sets of parameters of the chain were taken from literature [1, 24, 33] and used in our case study, to evaluate and discuss the effect of various materials used in laminated glass structures and also of different Maxwell chain parameters for the the same type of interlayer.
The structure of this paper is as follows. The geometry of a three-layer laminated glass beam and material characterization of the glass and polymer layers is outlined in Section 2. The approaches based on the finite element methods, i.e., the Newton method and the modal strain energy method, are introduced in Section 3. The closed-form formula for the complex-valued natural frequencies presented in Section 4 is combined with the effective thickness concept, using the dynamic effective thickness from [20] and the enhanced effective thickness [12] which we adjust for modal analysis. The results of our case study are presented and analyzed in Section 5. Finally, we summarize our findings in Section 6.
Characterization of laminated glass structures

Configuration of laminated glass beam
In this paper, the most common three-layer configuration (with two face glass plies and one polymer interlayer, see Figure 1 ) is handled for simplicity. However, the extension towards multilayer elements is possible for all discussed approaches. No slipping on the interface of a glass ply and the polymer foil is assumed. 
Materials
The constitutive behavior of glass and polymer layers remains the same for all presented methods. Glass is treated as an elastic material whereas the polymer behavior is assumed to be linear viscoelastic. It can be supposed that the damping of glass is small in comparison with that of the interlayer and thus it is negligible. Therefore, the behavior of a glass layer is described by three parameters: the Young modulus E 1 , the Poisson ratio ν 1 , and the density ρ 1 (resp. E 3 , ν 3 , and ρ 3 for the face layers of different types of glass).
The variety of interlayer materials for laminated glass is broad, ranging across the most common polyvinyl butyral (PVB), ethylene-vinyl acetate (EVA), thermoplastic polyurethane (TPU), or the stiffest ionoplast (SGPSentryGlas(R) Plus). The density of the interlayer material is ρ 2 and we assume that its Poisson's ratio ν 2 is constant, see [37] . The viscoelastic behavior of polymers is commonly described by the generalized Maxwell model or by a fractional derivative model [14] . In our study, the generalized Maxwell model is used for two reasons: (i) for laminated glass, this description is the most common in literature and (ii) according to the comparison by Hamdaoui et al. [14] , it requires less computational effort than the fractional derivative model for non-linear eigenvalue problems. The schematic representation of the Maxwell model in Figure 2 corresponds to the relaxation function provided by the Prony series, e.g., [6, page 32] ,
where t stands for the current time, G 2,∞ is the long-term shear modulus, G 2,p denotes the shear modulus of the p-th unit, θ p = µ p /G 2,p its relaxation time related to the viscosity µ p , and G 2,0 = G 2,∞ + P p=1 G 2,p is the elastic shear modulus of the whole chain.
In the frequency domain, the shear modulus is given by a complex valued quantity
composed of the real frequency-independent part G 2,0 and the complex part dependent on the angular frequency ω according to
The real part (storage modulus) refers to the elastic behavior, whereas the imaginary part (loss modulus) represents the energy dissipation effects [6] . This decomposition will be useful for the formulation of the free vibration problem. Unlike in [8] , the elastic shear modulus of the whole chain G 2,0 was set as the real frequency-independent part instead of the long-term shear modulus G 2,∞ to avoid computational difficulties for chains with G 2,∞ = 0. The Maxwell chain parameters for different interlayer materials can be found, for instance, in [9, 27, 5, 15, 1, 33, 24] . We selected five representative sets of Prony series and related parameters, which are reported in Appendix A. It is evident from Figure 3 that the data differ even for the same polymer type. Different test methods may result in slightly different parameters for interlayer properties, [13] or [1] . The different content of additives and plasticizers used in the manufacturing also partially contributes to this discrepancy [9] . Besides, the authors mostly do not specify the frequency range for which their Prony series were determined (except for PVB A [1] ). The effect of temperature is accounted for by using the time-temperature superposition principle. For a given ambient temperature T , the relaxation times θ p in Eq. (3) are shifted by the factor a T derived from the WilliamsLandel-Ferry equation [36] 
where the material constants C 1 and C 2 correspond to the reference temperature T 0 .
Finite element models
3.1. Refined beam element for three-layer laminated glass Because of the small thickness of the interlayer, we assume that the shear deformation in the viscoelastic foil is responsible for all the damping and the transverse compressive strain is negligible. Thus, we treat each layer as a one-dimensional beam element in our numerical analysis. We assume planar cross-sections of individual layers but not of the whole composite. The three layers of a laminated glass beam are constrained together with compatibility equations. This constraint can be taken into account using (i) the Lagrange multipliers -additional unknown nodal forces holding the adjacent layers together [37] , or by (ii) the static condensation of the dependent generalized displacements [30] . The second option is used in this study, because no delamination is assumed during the modal analysis.
master DOFs slave DOFs According to the Timoshenko beam theory, there are nine unknowns per cross-section of a three-layer beam -the horizontal and vertical centerline displacements and the rotations for each layer, see Figure 4 . Four unknowns can be eliminated using four inter-layer compatibility conditions assuming the perfect adhesion in the horizontal and vertical directions. This elimination together with the outline of the element stiffness and mass matrices can be found in Appendix B. Note that we use linear basis functions for the evaluation of stiffness and mass matrices, and selective integration scheme to avoid shear locking.
Governing equations for nonlinear eigenvalue problem
After the discretization, the free vibration problem is described by the governing equation, e.g., [8] ,
The eigenvalues and the eigenvectors solving the problem are complex-valued and represent the squared angular frequencies ω and the associated mode shapes U . The mass matrix M is real-valued and constant, frequency independent, whereas the complex stiffness matrix K depends on the complex frequency ω of the system. Similarly to Eq. (2), the stiffness matrix is decomposed as
The elastic matrix K 0 includes the contributions of the glass faces and the stiffness matrix of the interlayer corresponding to the instantaneous shear modulus G 0 . The frequency dependent part
Then, the free vibration problem can be rewritten as
where Eq. (7b) is introduced to obtain a well-posed problem, see [8] . The mode shape U 0 is the eigenvector solving the real-eigenvalue problem
No damping is thus assumed in this auxiliary problem, and the stiffness matrix is constant (frequency-independent). To solve Eq. (8), we used a solver based on the implicitly restarted Arnoldi method [28] .
Natural frequencies and loss factors
The natural frequency f Hz and the modal loss factor η associated with the same mode shape are determined from the relevant squared frequencies ω 2 from Eq. (7a) according to, e.g., [8] ,
thus
Note that we decided to omit the index referring to the given mode shape to avoid a profusion of notation. Later in Section 5, we compare the natural frequencies and loss factors corresponding to the first three mode shapes.
Complex-eigenvalue solver using Newton method (CNM)
The Newton method is applied to the extended system (7) to obtain the complex-valued pair of an eigenvalue and an eigenvector. Our approach belongs to the class of methods iterating each individual eigenpair independently, starting from the initial eigenpairs solving Eq. (8) . We express the (k + 1)-th approximations of the searched frequency and mode shape from the previous k-th approximations and their increments in the form
After linearization and evaluation of the Jacobian matrix, the Newton method leads to the system of linear equations, e.g., [32, page 73, Eq. (4.8)],
where the operator T and its derivative are provided by
The initial pair k=0 ω = ω 0 and k=0 U = U 0 is obtained from the realeigenvalue problem in Eq. (8) and the stopping criterion is defined by
with the norm of residual weighted by the norm of the relevant mode shape and the user defined tolerance tol . Our proposed complex-valued eigenvalue solver was verified against the semi-analytical model by Mead [21] ; the results for this model were adopted from [19] for a laminated glass beam with free ends. The response is in a good agreement; the errors in frequencies are below 0.5%, and in loss factors are less than 2%. These minor discrepancies can be caused by different assumptions for the semi-analytical model (e.g., zero Young's modulus for the interlayer), by a different stopping tolerance of iterative solvers (which is not specified in [19] ), or by the ambiguity in Prony series, where the conversion of the Young modulus to the shear modulus is unclear (the assumption of a constant value of the Poisson ratio vs. the bulk modulus, see [27, 37] ).
Real-eigenvalue solver and modal strain energy method (MSE)
Especially for large-scale structures, the direct evaluation of the complexvalued solution can be expensive. Therefore, the natural frequencies are often approximated from a real-valued simplification of the complex-valued problem, recall Eq. (7), as
Due to the real-valued approximation of the stiffness matrix K ap ( k ω ap ), the (k + 1)-th estimates of the eigenpairs are real squared angular frequencies k+1 ω 2 ap and real mode shape vectors k+1 U ap . We consider that the approximate stiffness matrix 1 corresponds to the real part of the whole stiffness matrix evaluated for the relevant frequency
Therefore, the stiffness matrix is updated iteratively until the convergence of the angular frequency
To estimate the loss factors from the converged real eigenpairs ( k+1 ω ap , k+1 U ap ), the modal strain energy method was introduced by Ungar and Kerwin [35] and later popularized for finite element models by Johnson and Kienholz [17] . This method assumes that no changes occur in the damped mode shapes, Eq. (18), and therefore it is suitable only for lightly damped structures [34] . The modal loss factor of each individual mode is determined according to
The derivation of this formula from Rayleigh's quotient is described in [17] . This iterative procedure provides more accurate values of the natural frequencies and the loss factors than the original approximation technique in [17] . The original one starts from a constant initial value of the interlayer shear modulus and then only adjusts the computed loss factor by a correction factor taking into account the change of material properties due to the frequency shift.
Effective thickness approaches
Closed-form expression for natural angular frequencies of beams
A few effective thickness formulations can be found in the literature for laminated glass beams and plates under static loading, whereas, to the best of our knowledge, only one effective thickness approach exists for dynamic problems [19, 20] . In general, the effective thickness methods are based on calculating a constant thickness of a monolithic element (with the same width and length), which gives the same response as the laminated glass beam under the identical loading and boundary conditions. For example, a deflection-effective thickness and stress-effective thicknesses [3, 12] are defined for laminated glass structures under static bending to obtain the same extreme values of deflection and stresses.
In this paper, this effective thickness concept is applied to vibrating laminated glass beams, and the dynamic effective thickness is used for the modal parameters calculation. The analytical expressions for the natural angular frequencies for a monolithic beam are then given by, e.g., [19, Eq. (22) 
where β is the wavenumber, E 1 is the Young modulus of glass,m is the mass per unit length and width of the beam (m = ρ 1 h 1 +ρ 2 h 2 +ρ 3 h 3 ), and h ef ( k ω ef ) is the dynamic effective thickness. Two expressions for this effective thickness will be introduced in the next two sections. Note that the wavenumbers are usually expressed in the form β =β/l, where l is the length of the beam and β depends on boundary conditions and a mode shape [7, Chapter 18] .
Due to the dependency of the dynamic effective thickness on frequency, the search for ω 2 ef requires iterations. When the convergence is achieved according to the criterion (17), the frequency f Hz and the loss factor η are determined from the complex valued ω 2 ef from Eqs. (9-10).
Dynamic effective thickness concept (DET)
The dynamic effective thickness was introduced by López-Aenlle and Pelayo [19] , and the iterative algorithm was extended to plates in [20] . This complex-valued effective thickness was derived from the closed-form formula for effective stiffness by Ross et al. [31] for a three-layer, simply-supported beam with purely elastic face layers and a linearly viscoelastic core. However, this analytical model is also used for different boundary conditions using the known relevant wavenumbers, e.g., for free-free beams in [20] .
Under the assumption that the glass parameters are the same for both glass layers (E 3 = E 1 , ν 3 = ν 1 , and ρ 3 = ρ 1 ) the expression for the dynamic effective thickness from [20] holds
where the geometric parameter
depends on the thicknesses of individual layers, and the shear parameter
additionally includes the wavenumber β, the Young modulus of glass E 1 , and the complex shear modulus of polymer G 2 (ω ef ); recall Eq. (2).
Enhanced effective thickness adjusted for modal analysis (EET)
One of the effective thickness approaches for layered beams under static loading is the enhanced effective thickness method by Galuppi and RoyerCarfagni [12] or Galuppi et al. [10] . It is derived from an energy-based variational formulation. Under the same assumption as in the previous section (E 3 = E 1 , ν 3 = ν 1 , and ρ 3 = ρ 1 ), the enhanced effective thickness for the deflection is then expressed as [12, Eq. (4.14)],
with the coefficient of shear cohesion ζ, the non-dimensional ratio of the glass and interlayer stiffnesses µ, and the shape coefficient ψ dependent on a normalized shape of the deflection curve g(x) of a homogeneous beam. These parameters follow from
The cross-section areas A i for i = 1, 2, 3 and the second moments of area I i , I tot , and I s are defined by relations, recall Figure 1 ,
Two intuitive adjustments of this method were made for its use in modal analysis. In Eq. (24), the complex-valued shear modulus for interlayer from Eq. (2) was used for coefficient µ, and the shape function of the deflection under static loading g was replaced by the one corresponding to the n-th mode shape of a monolithic beam under given boundary conditions, e.g., [7, Chapter 18] . The resulting parameters ψ, corresponding to three basic boundary conditions, are summarized in Table 1 This effective thickness is also complex-valued, as in the DET approach in the previous section, and the natural frequencies and the damping are evaluated according to Eq. (10) . Note that this procedure can be extended to the plate structures, similarly to its static variant [11, 10] , but we leave this to future work.
Case study
In this section, the usability of the three methods introduced above is assessed for laminated glass beams. The section is divided into two parts: the first introducing the selected test examples and the second discussing the results and the effect of input data on the usability of the modal strain energy method and the two effective thickness approaches.
Examples
We examined a collection of 63 examples, which results from all combinations of input data for simply-supported (S-S), free-free (F-F), and clampedclamped (C-C) beams in Table 2 .
Attribute
Options/Values Units supports The length l and the width b of the laminated beam were constant, whereas three cross-section configurations h 1 /h 2 /h 3 were considered to assess the effect of symmetry/asymmetry of the cross-section layout and the thickness of the interlayer, see Figure 1 .
Material properties of glass and three interlayer materials from three different sources, Figure 3 , are summarized in Appendix A. The calculations were carried out for two ambient temperatures: the room temperature 25
• C for all cases and the elevated temperature 50
• C for two PVB-interlayers, where the temperature-shift parameters were specified.
Finally, for the sake of completeness, Table 3 contains the relation for wavenumbers which we used in effective thickness approaches.
Results and discussion
The natural frequencies and loss factors for the first three modes 2 were determined according to the detailed and simplified algorithms described in Beam Mode 1 2 3 simply-supported π/l 2π/l 3π/l fixed-fixed or free-free 4.7300/l 7.8532/l 10.996/l Table 3 : Wavenumbers β for three basic boundary conditions and first three mode shapes for a beam of the length l.
Sections 3 and 4. We set the tolerance tol to 10 −5 for all methods. For finite element solvers, each beam layer was discretized by 200 elements. Compared to the results obtained by using a refined discretization by 300 elements per length, the largest errors for all tested examples is below 0.03% for natural frequencies and below 0.8% for loss factors.
The modal response obtained by the simplified methods is compared against the reference method based on the complex-valued solver using the Newton method, recall Section 3.4. Each method is discussed in a separate section.
MSE against CNM
The box-plots in Figure 5 visualize the errors of natural frequencies and loss factors obtained using the MSE method against the results of the reference method (CNM). The red mark inside the box indicates the median, the bottom and top edges of the box indicate the 25th and 75th percentiles, respectively. The boxplot whiskers have the standard maximum length of 1.5 times the interquartile range, and the remaining data points are outliers plotted individually.
For natural frequencies, the error for all 63 examples is less than 4%. More specifically, the error is less than 1.5% in 75% of the tested cases and the average error is less than 0.5%. Thus, this solver provide a reasonable approximation of natural frequencies, which are mostly sufficiently accurate for design purposes. There is no substantial difference in errors for the three tested boundary conditions, but the errors slightly decrease for higher mode shapes.
However, the loss factors differ significantly from the reference solution. The errors stay below 15% for 75% of configurations, but they increase up to 42% in some cases. The error decreases with an increasing number of kinematic boundary constraints or for higher modes. The highest errors in loss factors correspond to the first mode shape; the errors decrease to about 25% for the second and below 15% for the third mode shape. For further consideration, the quantile-quantile plots in Figure 6 show the values of natural frequencies and loss factors by the simplified method (MSE) against the reference solution (CNM) corresponding to the first mode shape for all cases from Table 2 . These values of frequencies and loss factors are strongly influenced by the effect of temperature and the interlayer type. Also, the highest errors for loss factors up to 42% appears only for the PVB M foil; the errors remain below 18% for the other foils. The samples with the PVB A foil show entirely different response than those with the other two PVB foils because this the corresponding eigenfrequencies fall outside the frequency range of this Prony series [1] .
DET against CNM
The comparison of the modal response by the dynamic effective thickness method (DET) against that by the reference method (CNM) are, similarly to the previous section, shown in terms of errors of natural frequencies and loss factors in Figure 7 and quantile-quantile plots in Figure 8 .
It is clear that this method gives very accurate results for the simplysupported beams (SS). The errors are below 1% in frequencies, and the loss factor predictions are quite accurate as well with errors below 10%. For the other boundary conditions, the method does not provide satisfactory approximations, especially for loss factors, even if we used an adjusted wavenumber k for given boundary conditions. This can be also seen in the quantilequantile plot in Figure 8 . The errors in frequencies do not exceed 15% (the 75th percentile is below 10%) and the errors in loss factors 85%. The errors are decreasing for the higher mode shapes.
EET against CNM
In analogy to the previous sections, the errors associated with the EET method against the reference solution (CNM) are plotted in Figure 9 and the quantile-quantile plots appear in Figure 10 .
For the simply supported beam, the errors remain below 1% for frequencies and below the 10% for loss factors, as in the case of the DET method. For the other boundary conditions, the errors in both, frequencies and loss factors, are lower than in the case of the DET approach. More specifically, they are below 5% for frequencies and below 22% for loss factors. The highest errors appear for the free-free beams, the lowest again for the simply-supported beam. This method provides good approximations of natural frequencies for all three boundary conditions and the best estimates of loss factors from all tested simplified methods. Finally, the errors of both quantities predicted by all three methods are summarized in Figures 11 and 12 for all tested examples for the first mode shape. The present study thus shows that:
Comparison of simplified approaches
• For natural frequencies, modal strain energy and effective thickness methods give very good approximations (below 4% for MSE and EET, below 15% for DET). • The effective thickness approaches provide excellent results for simplysupported laminated glass beams; the error is less than 1%.
• However, all methods predict in some cases the loss factors of laminated glass beams with errors in tens of percent (up to 22% for EET, 42% for MSE, and 85% for DET). Therefore, they can provide only an informative estimate of damping.
• For simply-supported beams, the effective thickness methods deliver the loss factors with errors less than 5% for the room temperature and below 10% for the evaluated temperature typical of, e.g., an exterior facade panel in summer.
• The algorithm based on the EET provides the best estimates of loss factors from all tested simplified methods.
• The symmetry or the asymmetry of the cross-section geometry does not influence the level of errors.
It is worth mentioning that for the simply-supported beams the enhanced effective method adjusted for dynamics (EET) gives exactly the same results as the original dynamic effective thickness method (DET). We can see from Tables 1 and 3 that shape coefficients are squared wavenumbers for a simplysupported beam ψ = β 2 . If we replaced the used shape coefficient derived in Table 1 with squared wavenumbers from Table 3 , we would obtain the same results from both methods for all boundary conditions. A more detailed study of this unexpected connection goes beyond the current work and will be performed separately.
Conclusions
Four methods for modal analysis of laminated glass structures were introduced in this paper, i.e., the numerical complex-valued eigensolver based on the Newton method, the real-valued eigensolver complemented with the modal strain energy method, and the original and enhanced dynamic effective thickness method. The aim of this paper was to assess the usability of the last three practical methods, comparing their predictions with the complexvalued eigensolver. For the enhanced effective thickness method by Galuppi and Royer-Carfagni, we proposed and presented our extension of the current method for modal analysis of laminated glass. The following conclusions can be made from the present study:
1. Our study underlines the importance of being careful when predicting the damping in laminated glass. The loss factor is a sensitive quantity which affects the errors of approximations provided by simplified methods. In particular, the natural frequencies can be predicted with errors less than 5% using a suitable method, but the same does not hold for the loss factors. 2. The level of errors in approximated quantities depends on the boundary conditions for the effective thickness approaches and on the parameters of the generalized Maxwell model for all methods. Material parameters for the interlayers from the literature leads to different natural frequencies and loss factors even for the same type of polymer. 3. The enhanced effective thickness approach adjusted for modal analysis provides approximations of both quantities, natural frequencies and loss factors, with lower errors compared to the other two simplified procedures.
Simplified methods and approaches reduce computational time and cost and have an important place in the design of engineering structures. Under the above limitations, our study confirms their suitability for modal analysis of laminated glass structures. with the transformation matrix
